In this article, we introduce the concept of weakly I-clean ring, for any ideal I of a ring R. We show that, for an ideal I of a ring R, R is uniquely weakly I-clean if and only if R/I is semi boolean and idempotents can be lifted uniquely weakly modulo I if and only if for each a ∈ R, there exists a central idempotent e ∈ R such that either a − e ∈ I or a + e ∈ I and I is idempotent free. As a corollary, we characterize weakly J-clean ring. Also we study various properties of weakly I-clean ring.
INTRODUCTION
In this article, all rings are associative ring with unity unless otherwise indicated. Here Jacobson radical of a ring R is denoted by J(R). Set of all units, set of all nilpotent elements and set of all idempotent elements are respectively denoted by U (R), N il(R) and Idem(R). A ring R is called abelian if every idempotent commutes with every element of R. An ideal I of a ring R is said to be idempotent free if e 2 = e ∈ I, then e = 0. For an ideal I of a ring, we say that idempotents can be lifted (respectively, lifted uniquely, lifted centrally) modulo I, if for any x ∈ R with x − x 2 ∈ I, there exists e ∈ Idem(R) (respectively, unique e ∈ Idem(R), central e ∈ Idem(R)) such that x − e ∈ I. A ring R is said to be exchange ring if for any x ∈ R there exists e ∈ Idem(R) such that e ∈ aR and 1 − e ∈ (1 − a)R. In 1977, W. K. Nicholson [4] introduced the concept of clean rings as a subclass of exchange rings. He defined a ring R to be clean ring if every element of R can be written as a sum of a unit and an idempotent. Again as a subclass of clean rings A. J. Diesl [2] introduced the notion of nil clean ring in the year 2013. A ring R is said to be a nil clean ring if for any x ∈ R, x = n + e, for some e ∈ Idem(R) and n ∈ N il(R). In 2010, H. Chen [1] introduced the notion of J-clean ring as a ring R, where every element of R can be written as a sum of an idempotent and an element from the Jacobson radical. V. A. Hiremath and H. Sharad [3] generalised the concepts of nil clean ring and J-clean ring to I-clean ring in the year 2013. For an ideal I of a ring R, R is said to be I-clean ring if for any x ∈ R, there exists e ∈ Idem(R) such that x − e ∈ I and if e is unique in the expression, then the ring R is said to be uniquely I-clean ring.
Here we introduce the notion of weakly I-clean ring, for any ideal I of a ring R. For an ideal I of a ring R, we say R is weakly I-clean ring if for any x ∈ R there exists e ∈ Idem(R) such that x − e ∈ I or x + e ∈ I and if e is unique, then R is said to be uniquely weakly I-clean ring. We study various properties of weakly I-clean ring and uniquely weakly I-clean ring.
2 Weakly I-clean ring Definition 2.1. For an ideal I of R, we say that R is weakly I-clean ring, if for each x ∈ R there exists e ∈ Idem(R) such that x − e ∈ I or x + e ∈ I. Also R is said to be uniquely weakly I-clean ring if for any x ∈ R, there exists a unique e ∈ Idem(R) such that x − e ∈ I or x + e ∈ I.
It is easily seen that every I-clean ring is weakly I-clean. The converse is not true because Z is weakly 3Z-clean but not 3Z-clean. Note that if R is weakly I 1 -clean and not weakly I 2 -clean then R is not necessarily weakly I 1 ∩ I 2 -clean. For a commutative ring R, R is weakly nil clean ring if I = N il(R). Proof. If R is weakly I clean, then each R α is weakly I α -clean. Suppose that R α 1 and R α 2 (α 1 = α 2 ) are not I α 1 -clean and I α 2 -clean respectively. There exists
x α = 0. Then x = w + e or x = w − e, for any w ∈ I and e ∈ Idem(R). Conversely, let each R α be I α -clean, then clearly R is I-clean. Assume that R α 0 is weakly I α 0 -clean but not I α 0 -clean and other R α 's are
The converse of Lemma 2.3 is not true as for the ideal
Definition 2.4. Let I be an ideal of R. We say that idempotents can be lifted weakly modulo I if for x 2 − x ∈ I, there exists e ∈ Idem(R) such that either x − e ∈ I or x + e ∈ I. Also we say that idempotents can be lifted uniquely weakly modulo I if for x 2 − x ∈ I, there exists a unique e ∈ Idem(R) such that either x − e ∈ I or x + e ∈ I. Theorem 2.5. If I is an ideal of R such that R/I is boolean and idempotents lift weakly modulo I, then R is weakly I-clean.
Proof. Let x ∈ R. We have x 2 − x ∈ I, so there exists e ∈ Idem(R) such that, either x − e ∈ I or x + e ∈ I. Hence R is weakly I-clean.
Clearly Z is weakly 3Z-clean but Z 3 = Z/3Z is not boolean, so the converse of Theorem 2.5 is not true. Lemma 2.6. Let R be a ring and e = f + n, where e, f ∈ Idem(R), n ∈ N il(R) and f ∈ C(R), then n = 0.
Proof. See Lemma 2.5 [3] .
For any ring R, let T n (R) be the ring of all upper triangular matrices over R with usual addition and multiplication. Using Lemma 2.6 we can say that if idempotents of a ring R are central, then the idempotents of the ring
Theorem 2.7. If R is weakly I-clean ring and idempotents in R are central, then
Proof. Clearly I ′ is an ideal of S. Since idempotents are central, so Idem(S) = {eI n | e ∈ Idem(R)}. Let A = [a ij ] ∈ S and a ii = a. Since R is weakly I-clean, so there exist e ∈ Idem(R) and w ∈ I such that a = w + e or a = w − e. If a = w + e,
Hence B ∈ I ′ and eI n ∈ Idem(S). Similarly if a = w − e, then we can prove that A = B − eI n , where B ∈ I ′ and eI n ∈ Idem(S).
An element x of a ring R is said to be quasi-regular if 1 − x ∈ U (R). (i) Idempotents can be lifted uniquely weakly modulo I.
(ii) Idempotents can be lifted weakly modulo I, R is abelian and I is idempotent free.
(iii) Idempotents can be lifted centrally weakly modulo I and I is idempotent free.
Proof. (i) ⇒ (ii) proof is same as Lemma 2.8(1) [3] . Clearly boolean rings are semi boolean rings but converse is not true as Z 3 is semi boolean ring but not boolean. (i) R is uniquely weakly J-clean.
(ii) R/J(R) is semi boolean and idempotents can be lifted uniquely weakly modulo J(R).
A ring R is said to be weakly nil clean ring if for any x ∈ R, x = e + n or x = −e + n, where n ∈ N il(R) and e ∈ Idem(R). Also R is said to be uniquely weakly nil clean ring if for any x ∈ R, there exists a unique e ∈ Idem(R) such that x − e ∈ N il(R) or x + e ∈ N il(R).
Corollary 2.13. For a commutative ring R, the following are equivalent.
(i) R is uniquely weakly nil clean.
(ii) R/N il(R) is semi boolean and idempotents can be lifted uniquely weakly modulo N il(R).
Corollary 2.14. Let I be an ideal of a ring R. Then the following are equivalent.
(i) R is uniquely weakly I-clean.
(ii) R/I is semi boolean and idempotents can be lifted uniquely weakly modulo I.
(iii) R/I is semi boolean and idempotents can be lifted weakly modulo I, R is abelian and I is idempotent free.
(iv) For each a ∈ R there exists a central idempotent e ∈ R such that either a − e ∈ I or a + e ∈ I and I is idempotent free.
Proof. If R/I is semi boolean, then for n ∈ N (R), n k = 0, for some k ∈ N. Either n k = n or n k = −n but n k = I, implies n ∈ I. Hence by Lemma 2.9 the result follows.
Proposition 2.15. For an ideal I of a ring R the following are equivalent.
(i) I is prime and R is uniquely weakly I-clean.
(ii) R is uniquely weakly I-clean and 0, 1 are the only idempotents in R.
(iii) R/I ∼ = Z 2 or Z 3 and I is idempotent free.
(iv) I is maximal and R is uniquely weakly I-clean. (i) R is local and uniquely weakly J-clean.
(ii) R is uniquely weakly J-clean and 0, 1 are the only idempotents in R.
For a ring R, let V be an R − R bimodule, which is a ring not necessarily with 1. Let I(R; V ), the ideal extension of R by V , is defined to be the additive abelian group I(R; V ) = R ⊕ V , where the multiplication is defined by (r, v)(s, w) = (rs, rw + vs + vw), for all v, w ∈ V and r, s ∈ R. Proof. See Lemma 2.22 [3] . Lemma 2.18. Let R be a ring, V be an R-R-bimodule which is also a ring (not necessarily with 1) and let S = I(R; V ) be the ideal extension. Then the following are equivalent. Proof. See Lemma 2.23 [3] . Proposition 2.19. Let R be a ring and let V be an R-R-bimodule which is also an idempotent-free ring not necessarily with 1. Let S = I(R; V ) be the ideal extension of R by V . Then the following are equivalent.
(i) S = I(R; V ) is uniquely weakly I ′ -clean for some ideal I ′ of S.
(ii) (a) R is uniquely weakly I-clean for some ideal I of R. 
